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ABSTRACT

An approach is presented for characterizing heterogeneous magnetized plasma discharge tubes through the scattering of electromagnetic
plane waves. Here, we formulate the analytical problem of electromagnetic scattering from a gyrotropic plasma column. The scattering
accounts for the heterogeneous composition of the cylindrical discharge plasma and facilitates determining its propensity for gyrotropic scat-
tering, particularly when electron collisional damping may be prevalent. The analytical results are validated using computational simulations.
Scattered fields from the magnetized plasma are measured experimentally, and, by comparing the analytical and experimental results, the
unknown parameters of the discharge, i.e., characteristic plasma and electron collisional damping frequencies, are determined. The technique
is relatively straight-forward to use and removes the need for commercial computational electromagnetic simulations when experimental data
on scattering characteristics of such cylindrical discharge plasmas are available.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0124845

. INTRODUCTION

The problem of electromagnetic scattering by canonical objects
is essential to designing miscellaneous devices in various frequency
regimes." The geometry and material properties of a given object
affect the resulting scattered fields, which can be used directly for
design purposes or to elicit information in inverse scattering prob-
lems. As a result, understanding electromagnetic scattering from
objects enables us to find ways for re-routing waves and controlling
them in the desired fashion.

In recent years, there has been much interest in cancel-
ing the scattered fields from a given object in order for realiz-
ing practical invisibility cloaks.”” In addition, one can leverage
the scattering from small inclusions to make metamaterials and
achieve various properties not found in nature by arranging them
in periodic arrays,® such as negative refraction’'' and near-zero
permittivity.'”"'® If the periodicity of such arrays is comparable to
the wavelength at the operation frequency, one can construct pho-
tonic crystals."’ " In some cases, topological properties” ** may
arise from such photonic crystals.

The metamaterial and photonic crystals described in the lit-
erature are most often assembled out of metallic and dielectric
structures. Graphene has been of interest to researchers for design-
ing tunable devices in the low terahertz (THz) range of frequencies.”
Here, we focus on another class of materials, gaseous plasmas, as
potential structural elements that have novel scattering properties,
particularly when magnetized. Such gaseous plasmas can have rel-
atively low electron collisional scattering rates and their properties,
i.e., plasma frequency can be tuned by varying the plasma density.
Such a tunable material can be of interest in the development of var-
ious microwave devices. When biased with a constant magnetic field,
a plasma’s permittivity, or dielectric constant, has an anisotropic
tensor form and, as a result, presents a gyrotropic response to
an incident electromagnetic wave.”” ** Electromagnetic dispersion
bands of a bulk magnetized plasma can be topologically non-trivial
(TNT).** By juxtaposing such a TNT material with an isotropic
material, one can achieve exotic properties like unidirectional inter-
facial waves that are highly confined to the boundary and immune
to back-scattering, not normally seen at the boundary between
two topologically trivial materials. This unidirectional feature leads
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FIG. 1. Configuration for examining the scattering from a magnetized plasma rod.

to non-reciprocity and enables the design of reconfigurable and
tunable one-way waveguides.

To facilitate the design and analysis of such unique structures
made of gyrotropic, gaseous plasma discharge tubes, one requires
an estimation of their plasma and electron collisional damping fre-
quencies. Although various approximate techniques exist, such as
the measurements of the detuning of microwave cavity modes,”
which have been used for non-magnetized cases or indirectly from
the measurements of discharge voltage and current,” these methods
are not appropriate when the discharge is magnetized. In addi-
tion, in our very recently published paper,’’ we have confirmed
the gyrotropic behavior of a magnetized discharge tube. There,
using another indirect technique, the unknown parameters have
been initially estimated from discharge operating conditions via
BOLSIG+,””” and then, we performed many computational simu-
lations back and forth to improve our estimation. As a result, a more
direct and appropriate characterization technique for magnetized
plasma tubes is needed.

The problem addressed by this paper is to resolve the issue
of characterizing a large class of plasma discharge tubes for the
purpose of determining their largely unknown parameters, ie.,
plasma frequency (electron density) and electron collisional scat-
tering frequency, particularly when these discharges are strongly
magnetized. We leverage the analytical solution of electromag-
netic scattering from a heterogeneous discharge tube to char-
acterize these heterogeneous discharges and to determine their
unknown, scattering-relevant parameters for the purpose of using
them as an element in the construction of other complex structures.
An experimental configuration that we compare the model and
simulations to is depicted in Fig. 1. The plasma rod is considered
to be oriented along the axis of an externally applied magnetic
bias generated by Helmholtz coils. A horn antenna is used for
launching the incident fields with a propagation vector largely per-
pendicular to the bias axis. We compare scattered fields to those
measured in the plane passing through the center of the rod. The
magnetized rod is modeled as a three-layer heterogeneous medium,
accounting for the quartz envelope and low-density region in the
envelope’s vicinity.

Il. ELECTROMAGNETIC SCATTERING FROM A
HETEROGENEOUS MAGNETIZED PLASMA ROD

Our analytical analysis addresses the electromagnetic scatter-
ing from the heterogeneous magnetized plasma column shown in
Fig. 2. The rod is represented as a three-layer structure consisting of

scitation.org/journal/adv

TE”

FIG. 2. Schematic of the three-layer cylindrical model of a plasma rod under a
normal TE plane wave incidence.

a uniform magnetized plasma core (the yellow region in the figure),
surrounded by a thin non-ionized layer (white), and an outer quartz
envelope (blue). This representation of the plasma is only approx-
imate because, in reality, there is a smooth transition in plasma
density from the core to the very low levels near the quartz wall. It,
nevertheless, is a starting point for a comprehensive analytical model
that can be expanded to more layers if necessary to account for a
gradual decrease in plasma density.

We consider a uniform transverse electric (TE) plane wave trav-
eling along the x-axis normally incident upon the rod in a plane
perpendicular to the rod axis, as shown in the figure. The incident
magnetic field, H', can be expressed as an infinite sum of cylindrical
wave functions:™

_a —dkex _ 4 e—jkgp cos ¢

H=2H,=%2¢ =3

Ms &

Ju(Kkop) €7, (1)

Z
n

oo

with ko representing the free space wave number, ¢ is the scattering
angle measured from the axis of the plasma rod, p is the distance
from the axis, and J, is the Bessel function of the first kind. The
incident electric field, E’, can then be written as

E’?vaH Epp + Eyp, (2a)
Jjweo

with & representing the permittivity of vacuum and
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which can be evaluated using the relation

8]n(ocx)

Jn(ax) = = afu- 1(ocx)—f]n(ocx) (2e)

We can express the scattered magnetic and electric fields, H’

and F’, in terms of the Hankel functions of the second kind, Hﬁz),
ie.,

H =3H =2 Y a,H? (kop) €™, 3)

n=—oo

E=—VxH=Ep+Ed 4
stovx P Ee® (4a)

with a, being coefficients of the expansion to be determined, and

1 & ;
E - ina,H? (kop) &"?, 4b
g jwsopn:z—:oo]nan " (OP) ( )

-1 = ' .
B - nH<2) k &, 4
= e, 2 o (hop) (40)

and
OH,® (kop)

HP (kop) = (4d)

op
Here, we use the relation

OHY (ocx)
Ox

The fields inside the quartz tube (E? and HY), with relative
permittivity of ¢, are expressed as

Hﬁz)’(ocx) H(z) (ax) — ﬁHﬁz) (ax). (4e)
x

H =2 > [buJu(kep) + cnYulkep)]e"™, (5)
n=—oo
El= HI = Elg, 6
jweoey v Eip+ Evt (©)

where k; = ko\/Eq, Y, is the Bessel function of the second kind, and

1
El-= I (k 2 Y (k a4
p = ]weoeqpn;wJ" [BuJu(kop) + cnYu(kop)1e™, (6b)

Ei= 3 [bilke) +a¥i(kep) ™. (60)

jweoeq 0

Here, b, and ¢, are the coefficients of this expansion and are also to
be determined. The fields inside the non-ionized layer (E° and H°)
are represented as

Here, B, and C,, are unknown coefficients, and

0 1 1l
E, = ]wsopn_z_: jn[Buu(kop) + CnYu(kop)]e"?, (8b)
E; = 1 S [BuJn(kop) + CuYr(kop) |e™. (8¢)

jweo b

Finally, the fields inside the magnetized plasma (E’ and H”)
with a tensor relative permittivity, g, given by*”

& jg 0
Ep = —j€g &t 0| (9)

0 0 e

can be expressed as
H =2 =2 Y duu(kyp) €™, (10)
1
BP=-_— H p+ ELo, 11

Jweo Sp (V X ) P ® ( a)

where d, is an unknown coefficient of expansion, and

E) = ! 1[ > jndulu(kpp) e’""’:|+ 1 Jj

jweop & | 1 iho jweo €
x[ S duln(kep) e""‘*’], (11b)
1 11
E = duJn(kop) €| - — =
* jweop ) L_Z_: Jjndn]n(kpp) :| joeo &
X[ > dufn(kpp) e"”‘f’]. (11¢)
n=—oo
The elements of gp are
W (w - jve)
=1- P—, 12
“ (o - @] (2
wiw,
gg= (12b)
0 of(w - jre)? - W]
and
2
e=1- L‘. (12¢)
w(w = jvc)

Here, wp, wce, and w are the plasma, electron cyclotron, and field
frequencies, respectively, and the wave damping rate is attributed to
electron scattering with the background gas at a rate v.. The inverse
of the relative permittivity tensor can be expressed as

& —j&g 1 -
o_ s N jn 2 _ 2 -2 O — 0
H =2 Y [Bulu(kop) + CaYu(kop)]e™, ) €-g &g 9 &
n=—oo -1 _| J& &t 1J 1
= |lo2 2—2 |7 o O (3
& & & & . & & .
E’ = —va = +E, (8a) 0 0 — 0o 0 —
Jwéo PP (P‘P & &
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To solve for all unknown coefficients a,, by, ¢u, Bu, Cp, and dy,
one applies the corresponding boundary conditions that enforce the
continuity of the tangential electric and magnetic fields at p = r,
p =ro, and p =ry. The details are given in the Appendix. Once
the coefficient a, is determined, the scattered fields are computed
using (3) and (4a).

I1l. COMPUTATIONAL SIMULATIONS AND
COMPARISONS TO ANALYTICAL RESULTS

Computational simulations are carried out for comparison to
the analytical results using the full-wave electromagnetic simulator,
CST Microwave Studio (CST MWS).*® While one can use both time-
domain (TD) and frequency-domain (FD) solvers in CST MWS
for the simulation of structures that include non-magnetized plas-
mas, only the FD solver is configurable for the case of magnetized,
gyrotropic plasma. Considering the coordinates defined in Fig. 2,
the Open (Add Space) boundary conditions are used in the x- and
y-directions. The plasma rod is taken to have a finite length, L, along
the z-direction. The boundary conditions at the minimum and max-
imum z-values are set to be periodic to mimic the scattering from an
infinitely long rod. The structure is then excited with a plane wave,
as shown in Fig. 3.

For a 3D object, the radar cross section (RCS or o3p) is
defined as"™*

2
]

03p(6,¢) = lim4nr

where (r,6,¢) are the spherical coordinates, and |H'| and |H’|
are the magnitudes of the incident and scattered vector magnetic
fields, respectively. For a given 2D object under normal incidence,
the scattering width (o2p) can be defined as"**

H* 2
ap(9) :pl_i>r£1°2ﬂpI||Hi|”2, (15)

where p is the radial parameter in cylindrical coordinates shown
in Fig. 2.

Periodic

Boundary
H; E
13
L.
_ _Periodic
Boundary

FIG. 3. Parameters and orientation for simulations of a heterogeneous plasma rod
under normal TE plane wave incidence.

scitation.org/journal/adv

If a finite cylinder of length L is exposed to an oblique plane
wave with the angle of incidence, 6;, one can relate o3p and o2p
through™’

. X 2
sin ) ’ (162)

217
a3p (6, 9) =02D(<P)'T'( e

where
koL
X= T(COS 0; + cos 0), (16b)

and A = 27/ko is the wavelength at the desired incident field fre-
quency. As a result, for the case of normal incidence, i.e., 6; = 90°,
the observation angle will also be 6 = 90°, and we have

o 2L’
a3p (0 =90 ,(p):azp((p)-T. (17)

The CST simulation is performe;d for a rod with a finite length,
L, allowing the determination of o5p'. Then, the scattering width

normalized to the wavelength can be found from

o20(9) _ 03p(6 =90°,¢)
A 212 ’

(18)

We compare these computational simulations to the scattering
predicted by the analytical results (Sec. IT) using (15).

With the analytical and computational analyses of the elec-
tromagnetic scattering from a magnetized plasma rod established,
we can then utilize these tools to analyze the scattering proper-
ties of a discharge tube for both non-magnetized and magnetized
plasma cases. The considered plasma rod is a custom-fabricated
fluorescent ultraviolet (UV) discharge source with r, = 4.6 mm,
ro = 6.5mm, and r4 = 7.5 mm. The relative permittivity of the quartz
layer is g5 = 3.75.

A. Non-magnetized plasma with symmetry

The non-magnetized plasma rod is simply a special case of
the magnetized one with w, = 0. Accordingly, one can use the
aforementioned three-layer model, but the relative permittivity
of the plasma column changes to the scalar (isotropic) relative
permittivity, i.e.,

@)

oo o

& =& =

& = 0. (19b)

We consider the case of a plasma frequency f, = wy/27
= 6.35 GHz, and a field frequency f = w/27 = 0.6f, = 3.81 GHz. The
analytical and computational simulation results of the bistatic scat-
tering width, normalized to the wavelength, are shown in Fig. 4
for different values of the collision frequency, v.. These plots show
that the analytical model is in good agreement with computational
simulations and that by increasing the collision frequency (damp-
ing of the wave by losses within the plasma rod), the bistatic width
is reduced. This is also seen by examining the effect of loss on the
magnitude of the scattering coefficients, a,. As shown in Fig. 5, the
scattering coefficients diminish in magnitude as the collisional loss

AIP Advances 12, 115220 (2022); doi: 10.1063/5.0124845
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Bistatic Scattering of the non-Magnetized Plasma Rod

g 9

? 1k v,=0 GHz (Analytical)

e 13+ nnmy,=0 GHz (CST)

o 15¢ ——v,=1 GHz (Analytical)
) smmy.=1 GHz (CST)
171 — =2 GHz (Analytical)
-19¢ mmmy,=2 GHz (CST)
21r =3 GHz (Analytical) 1
23 ¢ u u ny,=3 GHz (CST) 1
25 . I

60 120 180 240 300 360
o[°]

FIG. 4. Comparison of an analytical model to computational simulations for the
scattering of a non-magnetized (wc =0) rod under normal TE plane wave
incidence.

non-Magnetized Plasma

02 9 vico GH -
5 Vo= Z 4
0.711 O ve=1 GHz * * 1
0062 $ v.=2 GHz lo) o) ]
55 1 O ve=3 GHz 1
i x % |
— 045+ O O 1
s 04+ 1
—035¢ 1
031 1
0.25 1
021 1
0.15F 1
0.1r 1
0.05 | @ N # 1

'
W
W

4 -3 -2 -1 0 1 2 3 4
n

FIG. 5. Magnitude of the scattering coefficients, an, for the non-magnetized
(wee = 0) plasma discharge tube with a sub-wavelength radius.

increases. It is noteworthy that because the radius of the plasma rod
is small compared to the wavelength, a_; and a; will be the only
dominant scattering coefficients.

As expected, in the absence of a magnetic field, the scattering
pattern shown in Fig. 4 will be symmetric with respect to the plane
of incidence, due to the fact that the scattering coefficients are sym-
metric in magnitude, as illustrated in Fig. 5. Note that if n is even, we
have a, = a_,, and if n is odd, we have a, = —a_,.

B. Magnetized plasma with broken symmetry

Here, we consider the electromagnetic scattering from a mag-
netized plasma discharge tube of the same properties consid-
ered above, but with an electron cyclotron frequency, fe = wee/27
= 1.27 GHz. The analytical model for the bistatic scattering width,
normalized to the wavelength, is compared to computational sim-
ulations in Fig. 6 for different values of the electron collision fre-
quency, v.. We see that similar to the case of the non-magnetized
rod, increasing the collisional-induced loss leads to a reduction in
the bistatic scattering width of the rod. We also see, as expected,
that the magnetic field breaks the symmetry of the scattering pattern.
Unlike the non-magnetized case, where the maximum scattering is
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Bistatic Scattering of the Magnetized Plasma Rod
——1,=0 GHz (Analytical) | |m m mv,=2 GHz (CST)
= nnv=0 GHz (CST) v.=3 GHz (Analytical)
3 r|——v.=1 GHz (Analytical) [-|= = = »,.=3 GHz (CST)
(
(

1 flammv.=1 GHz (CST) v.=8.91 GHz (Analytical)
-1 [|—v.=2 GHz (Analytical) | |= =« ,=8.91 GHz (CST)

0,/ [dB]

-25

FIG. 6. Comparison of the analytical model to computational simulations for
a magnetized rod (fee = wee/2m = 1.27 GHz) under a normal TE plane wave
incidence.

found to be at ¢ = 0° and ¢ = 180°, here, we see the maximum in the
peaks at ¢ = 66° and ¢ = 250° for the idealized case with v. = 0 GHz.
In examining the scattering coefficients, a,, in Fig. 7, we see that for
the dominant, odd coefficients |a_1| # |a1].

Electron collisional damping plays a significant role in the
modeled asymmetric scattering. We can see that if the electron col-
lision frequency is increased to a value of v. = 8.91 GHz, we have
|a—1] = |ai1], as is the case of the non-magnetized rod. However, as
apparent in Fig. 6, the scattering pattern has maxima at ¢ = 30° and
¢ =213° and not at the angles seen for the non-magnetized case.
This is because although the magnitudes of the coefficients are the
same, they differ in their real and imaginary contributions. For this
high collisional-induced damping case, the dominant coefficients
are a_; = 0.153 —j0.139 and a; = 0.058 + j0.199. We emphasize that
to recover symmetry, the condition that |a_,| = |a,| is a necessary but
not sufficient condition. We find that the collisional damping must
be about an order of magnitude larger than the electron cyclotron
frequency for the scattering pattern to approach that of the non-
magnetized case, but then there is a substantial (20 dB) reduction
in the scattering intensity, as seen from the trend in the figure. In
practice, such high damping is generated when the gas pressure is

Magnetized Plasma

0.5

K v =0 GHz * ]

0451 5 v, =1 GHz )
0.4 % v.=2GHz x 1
0351 0 v.=3 GHz O ,
0.3 o v, = 8.91 GHz g ]
S5025¢ 1
02f ¢ <o ]
0.15F 1

FIG. 7. Magnitude of the scattering coefficients, a,, for the magnetized
(fee = wee/2m = 1.27 GHz) plasma discharge tube with a sub-wavelength radius.
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fee=0 GHz (Analytical) fee=2 GHz (Analytical)
wun f,.=0 GHz (CST) nun f,=2 GHz (CST)

— fee=1 GHz (Analytical) fee=3 GHz (Analytical)
3 |aunf,=1 GHz (CST) (

«su f=3 GHz (CST)

60 120 180 240 300 360
ol°]

FIG. 8. Comparison of the analytical model to computational simulations for a
magnetized rod under a normal TE plane wave incidence. Here, v = 1 GHz.

higher or when the electron gyroradius is comparable to the inner
diameter of the discharge.

In Fig. 8, we examine how the applied magnetic bias alters the
bistatic scattering, by comparing the results of the analytical model
for various values of w., = 27f = €Bo /me, which is linearly depen-
dent on the magnetic field, By. Here, m, and e are the electron mass
and charge, respectively. In the figure, the applied magnetic field is
varied from By = 0 mT to By = 107.2 mT. Within this range, it is
seen that by increasing the field, the angles of maximum scattering
increase from ¢ = 0° and ¢ = 180° to ¢ = 76° and ¢ = 259°, respec-
tively. However, such broken symmetry results in an almost 12 dB
reduction of the maximum bistatic width for a constant collision
frequency of v. = 1 GHz.

IV. COMPARISON TO EXPERIMENTS

Experimental results of the scattered fields from a magnetized
plasma rod were presented in a recent paper’! and are only briefly
reviewed here. The experimental set-up is illustrated schematically
in Fig. 9. A broadband horn launches an incident electromagnetic
wave in the 3-8 GHz frequency range onto a gaseous plasma rod
positioned within Helmholtz coils with the rod axis aligned with the
magnetic field, which has a value of 47 mT. The wave scattered from
the rod is detected by a robot field mapper™ equipped with a receiver
antenna.

The plasma rod consists of a quartz tube with an inner and
outer diameter of 13 and 15 mm, respectively, a length of 290 mm,
and is filled with ~250 Pa of argon and a small amount of mercury.
The discharge is driven at 33 kHz (AC) and with 144 V peak to peak
voltage. The root-mean-square discharge current is 298 mA. The
plasma density can be tuned” by varying the discharge voltage, but
here, we compare the analytical model to scattering data collected
only for the above conditions.

The field robot maps a 15 x 30 cm? area with a 0.75 cm step
size, and probe signals are processed for amplitude and phase using
an HP 8722D Vector Network Analyzer, allowing reconstruction
of the scattered wavefronts. The field inset shown in Fig. 9 is the

ARTICLE scitation.org/journall/adv

3-8 GHz H Ei Incid
Horn ‘ Y Stepper ncident
e —

17cm ki~ wave
@ Beoils
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H V(; Wave
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H Yy
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FIG. 9. Top view schematic of the experimental setup, reproduced from Houriez
et al., “Experimental study of electromagnetic wave scattering from a gyrotropic
gaseous plasma column,” Appl. Phys. Lett. 120, 223101 (2022),3" with the permis-
sion of AIP Publishing. The field map shown is actual data recorded at 4.42 GHz
for a non-magnetized plasma discharge tube.

actual recorded scattered data in the absence of a magnetic bias for a
frequency of 4.42 GHz.

As described in our previous study,’’ we first recorded the scat-
tering from a non-magnetized plasma, which confirmed symmetry
when the magnets are off. In computing the scattered fields, probe
data are recorded with and without the plasma activated and sub-
tracted to isolate the scattered contributions. The Poynting vector
of the scattered field is computed at each position over the scanned
domain. The scattered field is then mapped for an upward oriented
magnetic field (B+) and a downward oriented magnetic field (B-)
to confirm a gyrotropic scattering response. Figure 10(a) shows the
corresponding wave fronts measured for a frequency of 4.42 GHz,
mapped over the same spatial region depicted in the inset to Fig. 9.
We see that there is a clear asymmetry in the scattering induced
by the magnetized plasma, a confirmation of the active gyrotropic
response. For an upward oriented (B+) field, the scattered field is
steered toward the left, and for a downward oriented (B-) field,
a right-directed steering is observed, breaking the symmetry seen
when the magnetic field is turned off.

We now examine the three layer analytical model’s capac-
ity to reproduce experimental scattering and assess the agreement
to experiments when plasma properties are varied within a range
expected based on past studies. An optimization algorithm system-
atically varies w, and v, until the model predictions for the scattered
fields and corresponding angle-dependent power is in agreement
with the measurements. For our discharge and B-field conditions,
this optimization generates a plasma frequency, w, = 5.28 x 10"
rad/s, and an electron collisional damping rate of v. = 1.34 GHz
that best reproduces the experimental result. The analytical scat-
tered field maps for 4.42 GHz field frequency are shown in Fig. 10(b)
and are in good qualitative agreement with the experimental maps
shown in Fig. 10(a) when using these optimal plasma parameters.
The scattered power is computed at every angle ¢ of the experimen-
tal wavefronts by integrating the Poynting vector along a given ¢.
Figure 10(c) presents the corresponding scattered power in the (B—)
and the (B+) configurations from both the experimental and analyt-
ical data shown in Figs. 10(a) and 10(b), respectively. The scattered
power peaks at angles of approximately +20. Quantitative agreement
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FIG. 10. (a) Experimental scattering
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b Analytical (B-) Analytical (B+) plasma rod with the two magnetic field
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Predicted scattering using the analytical
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Normalized Power (B+)
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0.4 Normalized scattered power derived
02 from experiments (blue curves) and
’ the analytical model (red curves) as a
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experimental results are reproduced
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is seen in the angular dependence of scattered power, as illustrated
in Fig. 10(c), for the estimated plasma parameters.

V. SUMMARY

This paper introduces a straightforward method for charac-
terizing a large class of plasma discharge tubes for the purpose
of determining their largely unknown parameters, ie., plasma
frequency (electron density) and electron collisional scattering
frequency, particularly when these discharges are strongly mag-
netized. The proposed method leverages the problem of elec-
tromagnetic scattering from magnetized discharge tubes and
enables us to estimate their unknown parameters by comparing
them with the experimental results of the scattered fields. The
technique precludes the need for computational electromagnetic
resources for determining scattering parameters for this configu-
ration and can be applied to discharge tubes of varying diame-
ters or sizes. This exercise provides a basis for evaluating such
discharge tubes in the construction of novel gyrotropic plasma
metamaterials and topologically non-trivial magnetized plasma
structures.

.
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APPENDIX: MATHEMATICAL FORMULATION
Here, we present the mathematical formulation to determine Ass = ~Ya(koro), (A8.10)
the unknown coefficients of the electromagnetic scattering problem,
i.e., n, by, ¢n> Bu, Cy, and dy. In doing so, we apply the six boundary AD
conditions as follows: A = g (A8.11)
HI =H; , Al
Z‘;F'p Z|p='P ( ) A43 _ M (A812)
&
Eq,‘" = Eq,f , (A2)
p=rp p=rp
Aus = =T (koto), (A8.13)
Hzﬁmm = Hzﬁ:' > (A3)
Ags = =Y, (koto), (A8.14)
o _pa
B, = Bo,.., 49
. Asy = —HP (kory), (A8.15)
Hf =[H,+H.]_ , (A5)
p=rq P=rq
. Asy = Ju(kqrq), (A8.16)
Byl =[E/+E]. . (A6) 2 =Jnlkara)
p=rq P=rq
For each order, n, there exists a matrix equation as Asy = Yu(kygry), (A8.17)
0 0 0 A Ais Al [an 0 @)
A61 = _Hn (korq), (A8.18)
0 0 0 Ay Ax Ax| |bn 0
0 As; Az Az A 0 Cn 0 /
A . (A7) Ag, = Inlkara) (A8.19)
0 Ap Ap Au Ass O Bn 0 &
As1 As; As3 O 0 0 Cy 7 " T (kotq) Y (kara)
— Agy = 12 (A8.20)
-A51 A62 A63 0 0 0 | -dn‘ -] ]n(korq)‘ &
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Here, we introduce the permittivity seen by the penetrated
fields for the gyrotropic cylinder,

2 2
& — &
&= — : 8 kp = ko /5. (A9)
We also define
22
g=1"% (A10)
&
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